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Abstract
We study bounded pseudoconvex domains in complex Euclidean spaces. We find analytical
necessary conditions and geometric sufficient conditions for a domain being of trivial Diederich–
Fornæss index (i.e. the index equals to 1). We also connect a differential equation to the
index. This reveals how a topological condition affects the solution of the associated differential
equation and consequently obstructs the index being trivial. The proofs relies on a new method
of study of the complex geometry of the boundary. The method was motivated by geometric
analysis of Riemannian manifolds. We also generalize our main theorems under the context of
de Rham cohomology.
0 Introduction
Pseudoconvexity is of central importance in modern complex analysis. For example, In 1952,
Garabedian–Spencer [13] suggested to study the ∂¯-Neumann problem on smoothly bounded pseu-
doconvex domains Ω. After that, the L2 existence and the global regularity for the ∂¯-Neumann
operator for strongly pseudoconvex domains was solved by Kohn [17], [18] and Hörmander [16] in
the 1960s. However, the global regularity for (weakly) pseudoconvex domains still lacks a complete
answer, even if some sufficient conditions have been found. The Diederich–Fornæss index serves as
a refinement of (weakly) pseudoconvex domains and is well-known as a key to the global regularity
and many other problems of pseudoconvex domains.
A connection between the Diederich–Fornæss index and global regularity of the ∂¯-Neumann oper-
ator/Bergman projection has been realized more and more precisely since the 1990s. For example,
in 1992 Barrett [3] showed that the Sobolev space W k(Ωβ) is not preserved by the ∂¯-Neumann
operator/Bergman projection when s ≥ piβ−2pi . Here, Ωβ (β > pi/2) denotes a β-worm domain
and is known to have non-trivial Diederich–Fornæss indexes (i.e., the index is strictly less than 1).
Kohn [19] in 1999 has shown the index is related to orders of the preserved Sobolev space W s(Ω)
by ∂¯-Neumann operator/Bergman projection. He proved the greater the index, the greater order
of W k(Ω) can be obtained. Moreover, Berndtsson–Charpentier in [4] asserted that ∂¯-Neumann
operator and Bergman projection preserves W k(Ω) if s is less than a half of the Diederich–Fornæss
index. However, an exact relation between the Diederich–Fornæss index and order of wk(Ω) is yet
to be found.
In contrast to domains of non-trivial index, domains of trivial index (i.e. the index equals to 1)
have many nice properties. These domains have many similarities with the well-understood strongly
pseudoconvex domains. Thus, understanding the trivial index is necessary and important. In the
2000s, Fornæss–Herbig (see [10] and [11]) proved that the domain is of trivial index if it admits a
1
plurisubharmonic defining function on the boundary. Recently, Krantz–Liu–Peloso [20] improved
Fornæss–Herbig’s condition in C2 and exhibited more pseudoconvex domains of trivial index (see
also [23]).
Just a while ago, an index associated to boundary was found by the author [22]. He showed this
new index is equivalent to the Diederich–Fornæss index. One feature of this new index is that it is
often easier to compute. With this advantage, we discuss a class of domains with the trivial index
from the viewpoints of analysis and geometry.
Let Ω ⊂ Cn be a bounded pseudoconvex domain with smooth boundary. The Diederich–Fornæss
index is defined to be the supremum over all exponents 0 < η < 1 for which there exists a defining
function ρ for Ω such that −(−ρ)η is plurisubharmonic on Ω (see also [9]). In this paper, we consider
the set Σ of non-strongly pseudoconvex points and we assume Σ is quipped with a complex structure.
It is known that Σ can be either a complex submanifold or a Levi-foliation. Our first theorems state
that Ω is of trivial index if Σ is simply connected in the case of smooth submanifolds or simply
connected leafwise in the case of Levi-folations. This condition surprisingly coincides with Boas–
Straube’s condition which guarantees the global regularity of the ∂¯-Neumann operator/Bergman
projection, even if the motivations and methods between the two results are quite different. The
interested reader is referred to Boas–Straube [5] and [6]. The mentioned theorems are Theorem
2.4/Theorem 2.7 for Σ to be complex submanifolds and more generally Theorem 4.2 for Σ to be
smooth submanifolds.
To prove the theorems, we first use the equivalent index defined in [22] to show the index is 1 if
a (real) partial differential equation can be solved in boundary. We then analyze the equation to
show that it is a system of partial differential equations that can be decoupled and the compatibility
condition always holds locally. Then a global solution exists if Ω is simply connected. This proves
the trivial index. The ideas of proof involve a detailed analysis on local coordinate charts of Σ to
obtain the equation and a thorough computation to verify the local compatibility condition.
Conversely, we also study how the trivial index affects solvability of the aforementioned differential
equations. Precisely, without assuming simply connectedness of Σ, we prove that there exists a
sequence of functions approaching the solution of the equation in L1 norm if the Diederich–Fornæss
index is 1. If the sequence defines a distribution, then the differential equation is solvable in the
distributional sense. This theorem also has a version in complex submanifolds and one in Levi-
foliations. More conclusions are available in Theorem 2.11 and Corollary 2.13. The proof is inspired
by Caccioppoli’s inequality in the field of geometric analysis and contains careful estimates for
seeking the solution.
We also modify the classical de Rham cohomology to fit in our context. With this modification,
we can reformulate our theorems in the language of cohomology (see Theorem 3.2 and Theorem
3.3). Our theorems relate the index with both analytical properties and topological properties of
the boundary. The Diederich–Fornæss index can be compared with the Atiyah-Singer index.
Finally, we prove that if the Levi-flat points form a real curve, then the Diederich–Fornæss index
is 1. Indeed, Theorem 4.3 extends a theorem in Krantz–Liu–Peloso [20], where they need the real
curve transversal to T (1,0)∂Ω.
Since the Diederich–Fornæss index has been introduced in 1977, many mathematicians worked
on this topic. Here are a few important works we have not mentioned: Adachi–Brinkschulte [1],
Demailly [8], Fu–Shaw [12], Herbig–McNeal [15], Harrington [14], Krantz–Peloso [21] and Range
[24].
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We remind the reader that the smoothness in this paper can be extend to C3.
The outline of the paper is as the following: After some preparation in preliminaries, we globally
analyze the Diederich–Fornæss index on ∂Ω in Section 2. Theorems 2.4, 2.7, 2.11 and 3.3 and their
proofs are contained in this section. In Section 3, we relate our result in Section 2 to a type of
de Rham cohomology. This relates topological properties with analytical properties of ∂Ω. The
main theorems in this section are Theorem 3.2 and 3.3. In Section 4, we prove two theorems where
the set Σ of degenerate Levi-forms is assumed to be a real manifold. We prove the Diederich–
Fornæss index is 1 under the same assumption of Boas–Straube [5]. We also extend a theorem in
Krantz–Liu–Peloso [20]. The main theorems in this section are Theorem 4.2 and Theorem 4.3.
1 Preliminaries
We first define pseudoconvexity as follows. This is sometimes also called Levi pseudoconvexity.
Definition 1.1. Let Ω be a bounded domain with C2 boundary in Cn. Let
δ(z) :=
{
− dist(z, ∂Ω) z ∈ Ω
dist(z, ∂Ω) otherwise.
be the signed distance function of Ω. The domain Ω is called pseudoconvex if Hessδ(L,L) ≥ 0 for
all (1, 0) tangent vector field L of ∂Ω.
Recall that in [22], we refined the notion of Levi pseudoconvexity. Let Σ be the set of points with
degenerate Levi-forms. Let N be defined as what follows.
N =
1√∑n
j=1 | ∂δ∂zj |2
n∑
j=1
∂δ
∂z¯j
∂
∂zj
.
Here, we use the terminology from Kähler geometry. The g stands for the standard Euclidean metric
on Cn and Hessδ(L,N) = g(∇L∇δ,N) stands for Hessian with this metric.
The reader can check that N has the following properties:
1.
√
2N is unit vector in Cn.
2. N +N = ∇δ in Cn.
3. Nδ = 12 .
We obtain the following theorem directly from Theorem 2.8 in [22].
Theorem 1.2 ([22]). Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let
L be an arbitrary smooth (1, 0) tangent vector field on ∂Ω. Let
ΣL := {p ∈ ∂Ω : Hessδ(L,L) = 0 at p}.
The Diederich–Fornæss index for Ω is 1 if and only if for any η ∈ (0, 1), there exists a smooth
function ψ which is defined on a neighborhood of Σ in ∂Ω, so that on ΣL,(
1
1− η − 1
) ∣∣∣∣12Lψ +Hessδ(N,L)
∣∣∣∣
2
+
1
2
(
1
2
Hessψ(L,L) + g(∇L∇N∇δ, L)
)
≤ 0,
for all L.
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We also need the following lemma which was proved in [22].
Lemma 1.3 ([22]). Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Suppose
L is a (1, 0) tangent vector field so that Hessr(L,L) = 0 at p ∈ ∂Ω. Assume, Tj for 1 ≤ j ≤ n − 2
are (1, 0) tangent vector fields and L, T1, T2, . . . , Tn−2 are orthogonal at p. Then Hessδ(L, Tj) = 0
for 1 ≤ j ≤ n− 2 at p.
2 Global analysis on the Diederich-Fornæss index of ∂Ω
We let Σ be the set of points with degenerate Levi-form. That is
Σ = {p ∈ ∂Ω : Hessδ(L,L) = 0 at p},
for some non-zero (1, 0)-tangent vector L ∈ T (1,0)∂Ω. In this section, we assume Σ admits a
geometric structure. In other words, we assume two cases: either Σ is a complex manifold with
boundary or a Levi-foliation (where each leaf of the foliation is again a complex manifold with
boundary). They inherit a Kähler metric and complex structure from Cn. From now on, we will
use Uα denote a coordinate chart of Σ.
Let a real function u be in Cn with coordinates z1 = x1+
√
-1 y1, z2 = x2+
√
-1 y2, . . . , zn = x+
√
-1 yn.
Given that u solves the equation ∂u∂xj = fj and
∂u
∂yj
= gj for fj and gj smooth and for 1 ≤ j ≤ n,
then the following necessary condition holds. It is obtained by a straightforward calculation.
Lemma 2.1. Let fj and gj be smooth real functions in D ⊂ Cn. Then the equations
∂fj
∂xi
=
∂fi
∂xj
,
∂fj
∂yi
=
∂gi
∂xj
and
∂gj
∂yi
=
∂gi
∂yj
are equivalent to the following identities:
∂hj
∂z¯i
=
∂hi
∂z¯j
and
∂hj
∂zi
=
∂h¯i
∂z¯j
for all 1 ≤ i, j ≤ n, where hj = fj +
√
-1 gj .
Lemma 2.2. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be the set
of points with degenerate Levi-forms. Assume Σ is a complex submanifold with boundary of dimen-
sion m in ∂Ω (with induced complex structure and metric) and the Levi-form Hessδ(L,L)|p∈Σ = 0
if and only if Lp ∈ T (1,0)Σ. Let {zj}mj=1 be local coordinates in a coordinate chart Uα. We denote
Nδ with N . Then we have the following identities:
1.
∂
∂zj
Hessδ(N,
∂
∂zi
) =
∂
∂z¯i
Hessδ(N,
∂
∂z¯j
),
2.
∂
∂zj
Hessδ(N,
∂
∂z¯i
) =
∂
∂zi
Hessδ(N,
∂
∂z¯j
).
Proof. Let T,L ∈ T (1,0)Σ. We first prove Ng(∇T∇δ, L) = Ng(∇T∇δ, L). For this, we just need to
show that
(N −N)g(∇T∇δ, L) = 0.
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By calculation, we know that
4g(∇T∇δ, L)
=g(∇T+L∇δ, T + L)− g(∇T−L∇δ, T − L)
+
√
-1 g(∇T+√-1L∇δ, T +
√
-1L)−
√
-1 g(∇T−√-1L∇δ, T −
√
-1L).
Since L± T , L±√-1T are (1, 0)-tangent vectors, then we have that
g(∇T±L∇δ, T ± L) = 0
and
g(∇T±√-1L∇δ, T ±
√
-1L) = 0
on Σ. By pseudoconvexity, we have
(N −N)g(∇T±L∇δ, T ± L) = 0
and
(N −N)g(∇T±√-1L∇δ, T ±
√
-1L) = 0.
The reason is as follows. Consider that N − N is tangent to ∂Ω and g(∇X∇δ,X) ≥ 0 for X ∈
T (1,0)∂Ω. Therefore, g(∇X∇δ,X) = 0 obtains the minimum. Hence, the derivative should be
vanishing. This gives
(N −N)g(∇T∇δ, L) = 0.
With the fact that the curvature tensor vanishes for Cn, we are going to calculate
Ng(∇T∇δ, L)
=g(∇N∇T∇δ, L) + g(∇T∇δ,∇NL)
=g(∇T∇N∇δ, L) + g(∇[N,T ]∇δ, L) + g(∇T∇δ,∇NL).
We are going to compute the last two terms in the equation above. Let {ξj}nj=1 be the orthonormal
basis of T
(1,0)
p C
n. Here we assume that ξ1 is parallel to Lp and ξn =
√
2N . Then at p ∈ ∂Ω,
g(∇[N,T ]∇δ, L) =
n−1∑
j=1
g([N,T ], ξj)g(∇ξj∇δ, L) + 2g([N,T ], N)g(∇N∇δ, L).
We observe that g(∇ξj∇δ, T ) = 0 for all 1 ≤ j ≤ n− 1 by Lemma 1.3. Moreover
g([N,T ], N) = g([N,T ], N +N) = g([N,T ], N) = g([N,T ],∇δ) = [N,T ]δ = 0.
Thus, we have that
g(∇[N,T ]∇δ, L) = 0.
To compute g(∇T∇δ,∇NL), we have that
g(∇T∇δ,∇NL) =
n−1∑
j
g(∇T∇δ, ξj)g(ξj ,∇NL) + 2g(∇T∇δ,N)g(N,∇NL)
=2g(∇T∇δ,N)(∇NL)δ = −2Hessδ(T,N)Hessδ(N,L).
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We obtain that
Ng(∇T∇δ, L) = g(∇T∇N∇δ, L) − 2Hessδ(N,L)Hessδ(T,N).
Similarly, we have that
Ng(∇T∇δ, L) = Ng(∇L∇δ, T ) =g(∇N∇L∇δ, T ) + g(∇L∇δ,∇NT )
=g(∇L∇N∇δ, T ) + g(∇[N,T ]∇δ, T ) + g(∇L∇δ,∇NT )
=g(∇L∇N∇δ, T )− 2Hessδ(N,L)Hessδ(T,N).
Hence, Ng(∇T∇δ, L) = Ng(∇T∇δ, L) implies
g(∇T∇N∇δ, L) = g(∇L∇N∇δ, T ).
Let T = ∂∂zi and L =
∂
∂zj
. Using ∇ ∂
∂z¯i
∂
∂zj
= 0, we obtain that
∂
∂zi
Hessδ(N,
∂
∂zj
) =
∂
∂z¯j
Hessδ(N,
∂
∂z¯i
).
We are going to show the second identity. For this, we compute
Tg(∇L∇δ,N) =g(∇T∇L∇δ,N) + g(∇L∇δ,∇TN)
=g(∇L∇T∇δ,N) + g(∇[T,L]∇δ,N) + g(∇L∇δ,∇TN)
=Lg(∇T∇δ,N) − g(∇T∇δ,∇LN) + g(∇[T,L]∇δ,N) + g(∇L∇δ,∇TN).
We also compute
g(∇L∇δ,∇TN) = g(∇L∇δ, g(∇T ,
√
2N)
√
2N)
=2g(∇L∇δ,N)g(∇TN,∇δ) = −2Hessδ(L,N)Hessδ(T,N)
=g(∇T∇δ,∇LN).
Thus, we have
Tg(∇L∇δ,N) = Lg(∇T∇δ,N) + g(∇[T,L]∇δ,N).
Let T = ∂∂zi and L =
∂
∂zj
. We find that [T,L] = 0 and
∂
∂zi
g(∇N∇δ,
∂
∂z¯j
) =
∂
∂zj
g(∇N∇δ,
∂
∂z¯i
)
which completes the proof.
Lemma 2.3. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be the set
of points with degenerate Levi-forms. Assume Σ is a complex submanifold with boundary of dimen-
sion m in ∂Ω (with induced complex structure and metric) and the Levi-form Hessδ(L,L)|p∈Σ = 0 if
and only if Lp ∈ T (1,0)Σ. We consider a coordinate chart Uα of Σ. Let the coordinates be {zj}mj=1.
Then for arbitrary 1 ≤ i, j ≤ m, we have Hessδ(N, ∂∂zi ) = ∂∂z¯iφ locally in a coordinate chart Uα, for
a locally defined real function φ. Particularly, we have Hessδ(N,L) = Lφ for arbitrary L ∈ T (1,0)Uα.
Moreover, in Uα, we have that g(∇L∇N∇δ, L) = Hessφ(L,L).
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Proof. Since Uα is a coordinate chart, Uα is simply connected. Let Hessδ(N,
∂
∂zi
) = fi +
√
-1 gi. To
check Hessδ(N,
∂
∂zi
) = ∂∂z¯iφ, we just need to check the condition
∂fj
∂xi
=
∂fi
∂xj
,
∂fj
∂yi
=
∂gi
∂xj
and
∂gj
∂yi
=
∂gi
∂yj
.
By Lemma 2.1, it is equivalent to check the identities
∂
∂zj
Hessδ(N,
∂
∂zi
) =
∂
∂z¯i
Hessδ(N,
∂
∂z¯j
)
and
∂
∂z¯j
Hessδ(N,
∂
∂zi
) =
∂
∂z¯i
Hessδ(N,
∂
∂zj
).
Hence, the existence of solution of Hessδ(N,
∂
∂zi
) = ∂∂z¯iφ is proved by the preceding lemma.
For general L, we assume L =
∑m
j=1 κj
∂
∂zj
, where {κj}mj=1 are complex-valued functions. We obtain
that
g(∇N∇δ, L) =
m∑
j=1
κ¯jg(∇N∇δ, ∂
∂zj
) = κ¯j
∂
∂z¯j
φ = Lφ.
We now prove g(∇L∇N∇δ, L) = Hessφ(L,L). For this, we just need to prove
g(∇ ∂
∂zj
∇N∇δ, ∂
∂zj
) = Hessφ(
∂
∂zj
,
∂
∂zj
).
Here, we again assume that {zj}mj=1 are local coordinates. Then using ∇ ∂
∂zj
∂
∂z¯j
= 0 we have that
Hessφ(∇ ∂
∂zj
∇N∇δ, ∂
∂zj
)
=
∂
∂zj
(Hessφ(N,
∂
∂zj
))
=
∂
∂zj
∂
∂z¯j
φ
=Hessφ(
∂
∂zj
,
∂
∂zj
).
We will obtain our first theorem which asserts that if Σ is simply connected, then the domain Ω is
of trivial index.
Theorem 2.4. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Assume Σ is a simply connected complex submanifold
with boundary of dimension m in ∂Ω (with induced complex structure and metric) and the Levi-form
Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σ. Then the Diederich-Fornæss index is 1.
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Proof. Suppose {zj = xj +
√
-1 yj}mj=1 are local coordinate of Uα. Let g(∇N∇δ, ∂∂zj ) = fj +
√
-1 gj .
Since Σ is simply connected, by Lemma 2.2 and 2.3,
φ(z) :=
m∑
j=1
∫
C
fjdxj + gjdyj
is well-defined and smooth in each coordinate Uα of Σ. Here C is an arbitrary curve starting from a
fixed point a ∈ Σ to z. One observes that this definition is independent of the choice of coordinate
chart and hence is well-defined on Σ. Therefore, for all smooth (1, 0)-tangent vector fields L ,we
have that Lφ = g(∇N∇δ, L) in Σ. This also gives that g(∇L∇N∇δ, L) = Hessδ(L,L) in Σ. Letting
ψ = −2φ, we obtain that(
1
1− η − 1
) ∣∣∣∣12Lψ +Hessδ(N,L)
∣∣∣∣
2
+
1
2
(
1
2
Hessψ(L,L) + g(∇L∇N∇δ, L)
)
=
(
1
1− η − 1
) ∣∣−Lφ+ Lφ∣∣2 + 1
2
(Hessφ(L,L) + Hessδ(L,L)) = 0
for all η ∈ (0, 1). Thus by Theorem 1.2, if we can extend φ to a neighborhood of Σ, the Diederich–
Fornæss index of Ω is 1.
We want to define φ˜ in the neighborhood of Σ in ∂Ω and require that φ˜ = φ on Σ. For this, we check
φ satisfies the condition of Whitney’s extension theorem locally around each point in Σ. Then we
glue the extensions with a partition of unity. Let ξ0 ∈ Σ, we consider the coordinate chart Uξ0 of ξ
in ∂Ω. Let {ξ1, ξ2, . . . , ξm, ζm+1, . . . , ζn−1, t} be coordinates for ∂Ω, where t ∈ R. Here we assume
{ξj} are the coordinates in Σ. It is enough to extend φ to the manifold foliated by { ∂∂ξj }mj=1. Let
hj(ξ) = Hessδ(N,
∂
∂ξj
) for 1 ≤ j ≤ m. Note that hj is smooth for all 1 ≤ j ≤ m. In Σ ∩ Uξ0 , the
Taylor expansion at ξ1 ∈ Σ ∩ Uξ0 gives,
φ(ξ2) =φ(ξ1) +
∑
|α|+|β|≤s
(
∂
∂ξ¯
)α(
∂
∂ξ
)βφ(ξ1)
α!β!
(ξ − ξ1)β(ξ¯ − ξ¯1)α +Rs(ξ, ξ1)
=φ(ξ1) +
∑
|α|+|β|≤s
(
∂
∂ξ¯
)α(
∂
∂ξ
)β−(1,0,...,0)h1(ξ1)
α!β!
(ξ − ξ1)β(ξ¯ − ξ¯1)α
+
∑
|α|+|β|≤s
(
∂
∂ξ¯
)α−(1,0,...,0)(
∂
∂ξ
)βh¯1(ξ1)
α!β!
(ξ − ξ1)β(ξ¯ − ξ¯1)α
+ · · · +
∑
|α|+|β|≤s
(
∂
∂ξ¯
)α−(0,0,...,1)(
∂
∂ξ
)β h¯m(ξ1)
α!β!
(ξ − ξ1)β(ξ¯ − ξ¯1)α +Rs(ξ1, ξ2).
Since {hj}mj=1 are smooth functions,
Rs(ξ1, ξ2) = o(|ξ2 − ξ1|m−1),
when ξ1, ξ2 ∈ Σ ∩ Uξ0 are both close to ζ0 uniformly. Hence φ is of class Cs in Σ in terms of the
φ0. Similarly, one can see that φ is of class C
s in Σ in terms of the φα for |α| ≤ s. Hence, by a
partition of unity there exists a function φ˜ in a neighborhood of Σ in ∂Ω so that φ˜ = φ on Σ.
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In C2, the theorem can be simplified as follows.
Corollary 2.5. Let Ω be a bounded pseudoconvex domain with smooth boundary in C2 and Σ be
the Levi-flat sets of ∂Ω. Suppose Σ is an open simply connected Riemann surface with boundary.
Then the Diederich-Fornæss index is 1.
A Levi-flat set automatically forms a closed set. When it forms a foliation, it is called Levi-foliation.
For this topic we refer the reader to [2] and [25]. Since leaves of Levi-foliation usually have boundary,
the standard definition of trivial foliation does not work here. Therefore, we redefine the notion of
trivial Levi-foliation with boundary in our context.
Definition 2.6. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ
be a Levi-flat set of ∂Ω. The set Σ is said to be a trivial Levi-foliation with boundary if there exists
a smooth map F defined on a neighborhood U of Σ and F preserves the leafwise complex structure
so that F(Σ) ⊂ Bm × [0, 1] = F(U) and each leaf of Σ is mapped into Bmt = Bm × {t} for some t,
where Bm is the m-(complex) dimensional unit ball. We call Σ a trivial Levi-foliation with boundary
of simply connected m-dimensional leaves if Σ is a trivial Levi-foliation with boundary and each
leaf of Σ is simply connected.
Theorem 2.7. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Suppose Σ is a trivial Levi-foliation with boundary
of simply connected m-dimensional leaves (with induced complex structure and metric) and the
Levi-form Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σp, where Σp is the leaf of p. Then the
Diederich-Fornæss index is 1.
Proof. The proof is very similar to the proof of Theorem 2.4. Without loss of generality, we work
on F(Σ) ⊂ F(U). We let the coordinates be {z1, z2, ..., zm, t} where zj = xj+
√
-1 yj for 1 ≤ j ≤ m.
We know that each leaf Σt of F(Σ) is included in Bmt . Let g(∇N∇δ, ∂∂zj ) = fj +
√
-1 gj . We define
φ(z) :=
m∑
j=1
∫
C
fjdxj + gjdyj
in Bm × [0, 1]. Here C is the line segment in Bmt connecting (0, 0, ..., 0, t) and (z1, z2, ..., zm, t). We
can see this is globally defined in F(U). It is not hard to see that on F(Σ),
∂
∂z¯j
φ = g(∇N∇δ, ∂
∂zj
).
By the similar argument as in Theorem 2.4, we complete the proof.
For the following paragraphs, we will consider the relation of the equation Lφ = Hessδ(N,L) and
the Diederich–Fornæss index. But before that, we need a definition to explain the idea easily.
Definition 2.8. Let {ψn}∞n=1 be a sequence of smooth functions defined on a neighborhood of
Σ. We say {ψn}∞n=1 defines a distribution on the interior Σ˚ if ψn converges to a distribution T
in the weak-* topology on D′(Σ˚). In other words, for any test function ω ∈ C∞c (Σ˚), we have
< ψn, ω >→< T,ω > as n→∞.
Remark 2.9. It is not hard to see that
< ∂αψn, ω >= − < ψn, ∂αω >→ − < T, ∂αω >=< ∂αT, ω >,
as n→∞. This means {∂αψn}∞n=1 defines ∂αT .
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For the following, we use the notation: dV = dx1 ∧ dy1 ∧ · · · ∧ dxm ∧ dym.
Lemma 2.10. Let Σ be a complex submanifold with boundary of dimension m in ∂Ω (with induced
complex structure and metric). Let p ∈ Σ and Up ⊂ Σ is a coordinate chart of p ∈ Up with a
local coordinate { ∂∂zj }mj=1. Assume there is a real function f defined on a neighborhood of Σ in ∂Ω
satisfying n| ∂∂z¯j f |2 +Hessf ( ∂∂zj , ∂∂zj ) ≤ 0 on Up for some 1 ≤ j ≤ m and some n ∈ Z+. Then there
exists an open set Wp containing p ∈ S so that Wp ⊂Wp ⊂ Up, and∫
Wp
| ∂
∂z¯j
f |2 dV < C(Up)
n2
,
where C(Up) is a constant only depending on Up.
Proof. Let u1 = e
−nf and u2 = enf . We compute
∂
∂zj
u1 · ∂
∂z¯j
u2 = −n2e−nfenf | ∂
∂z¯j
f |2 = −n2| ∂
∂z¯j
f |2,
and
u1
∂
∂z¯j
u2 = ne
−nfenf
∂
∂z¯j
f = n
∂
∂z¯j
f.
Observe that
u1 ·Hessu2(
∂
∂zj
,
∂
∂zj
) = n
(
n
∣∣∣∣ ∂∂z¯j f
∣∣∣∣
2
+Hessf (
∂
∂zj
,
∂
∂zj
)
)
≤ 0
in Up which is a neighborhood of p. Let Wp ⊂ Vp be two smaller neighborhood of p so that
Wp ⊂Wp ⊂ Vp ⊂ Vp ⊂ Up. Choose a smooth function χ(q), q ∈ Up so that
χ(q) :=
{
1 q ∈Wp
0 q ∈ Up\Vp.
Let ξ = (ξ1, ξ2, . . . , ξm) ∈ Up and Sξj = {z = (z1, z2, . . . , zm) ∈ Up : zk = ξk if k 6= j} be 2-(real)
dimensional cross sections of Up. Observe that
0 ≥
∫
Up∩Sξj
χ2u1Hessu2(
∂
∂zj
,
∂
∂zj
) dxj ∧ dyj
=−
∫
Up∩Sξj
∂
∂zj
(χ2u1) · ∂
∂z¯j
u2 dxj ∧ dyj
=−
∫
Up∩Sξj
2χu1
∂
∂zj
χ · ∂
∂z¯j
u2 dxj ∧ dyj −
∫
Up∩Sξj
χ2
∂
∂zj
u1 · ∂
∂z¯j
u2 dxj ∧ dyj
≥−
(∫
Up∩Sξj
4| ∂
∂zj
χ|2 dxj ∧ dyj
)1/2(∫
Up∩Sξj
χ2|u1 ∂
∂z¯j
u2|2 dxj ∧ dyj
)1/2
−
∫
Up∩Sξj
χ2
∂
∂zj
u1 · ∂
∂z¯j
u2 dxj ∧ dyj.
Hence, we obtain that(∫
Up∩Sξj
4| ∂
∂zj
χ|2 dV
)1/2(∫
Up∩Sξj
n2χ2| ∂
∂z¯j
f |2 dV
)1/2
≥
∫
Up∩Sξj
n2χ2| ∂
∂z¯j
f |2 dV.
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Since ξ is arbitrary, we obtain that∫
Up
4| ∂
∂zj
χ|2 dV ≥
∫
Up
n2χ2| ∂
∂z¯j
f |2 dV ≥
∫
Wp
n2| ∂
∂zj
f |2 dV.
We define C(Up) =
∫
Up
4| ∂∂zj χ|2 dV which only depends on Up. We obtain that∫
Wp
| ∂
∂z¯j
f |2 dV ≤ C(Up)
n2
.
Theorem 2.11. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let
Σ be the set of points with degenerate Levi-forms. Assume Σ is a complex submanifold with
boundary of dimension m in ∂Ω (with induced complex structure and metric) and the Levi-form
Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σ. Suppose the Diederich–Fornæss index is 1 and L
is a (1, 0)-tangent vector field of Σ. Then for any compact U ⊂ Σ˚, there exists a family {ψn}∞n=1 so
that ∫
U
∣∣∣∣12Lψn +Hessδ(N,L)
∣∣∣∣ dV → 0,
as n →∞. Moreover, if {ψn}∞n=1 defines a distribution ψ on Σ˚, then Lψ = −2Hessδ(N,L) in the
distributional sense. Conversely, if there is a smooth function ψ defined on a neighborhood of Σ, so
that Lψ = −2Hessδ(N,L) in Σ, then the Diederich–Fornæss index is 1.
Proof. Suppose the Diederich–Fornæss index for Ω is 1. Then the Diederich–Fornæss index for ∂Ω
is 1. Fix p ∈ Σ˚. Let Up be a coordinate chart with local coordinates {zj}mj=1. Thus, by Lemma 2.3,
we obtain that
Hessδ(N,
∂
∂zj
) =
∂
∂z¯j
φ and g(∇ ∂
∂zj
∇N∇δ, ∂
∂zj
) = Hessφ(
∂
∂zj
,
∂
∂zj
)
in Up for all 1 ≤ j ≤ m. In Up, by Theorem 1.2, we know that for any η ∈ (0, 1), there exists a ψ
defined in a neighborhood of Σ so that(
1
1− η − 1
) ∣∣∣∣ ∂∂z¯j
(
ψ
2
+ φ
)∣∣∣∣
2
+
1
2
Hessψ
2
+φ
(
∂
∂zj
,
∂
∂zj
)
≤ 0,
for all 1 ≤ j ≤ m.
We let n = 2( 11−η − 1), and define fn to be ψ2 + φ. Hence, we obtain
n
∣∣∣∣ ∂∂z¯j fn
∣∣∣∣
2
+Hessfn
(
∂
∂zj
,
∂
∂zj
)
≤ 0.
Remember that fn is only defined in Up. By the preceding lemma, there exists Wp so that Wp ⊂
Wp ⊂ Up, and ∫
Wp
| ∂
∂z¯j
fn|2 dV < C(Up)
n2
,
where C(Up) is a constant only depending on Up. Let η → 1, and then n→∞. This means∫
Wp
| ∂
∂z¯j
fn|2 dV → 0,
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which implies ∫
Wp
| ∂
∂z¯j
fn| dV → 0,
for all j because Σ˚ is of finite measure.
Let U be covered by Wp finitely. We have that∫
U
|1
2
Lψn +Hessδ(N,L)| dV =
∑∫
Wp
|1
2
Lψn + Lφ| dV ≤
∑∫
Wp
| ∂
∂z¯j
fn| dV → 0.
Suppose {ψn}∞n=1 defines a distribution ψ. Let ω ∈ D′(Σ˚) be a test function with supp(ω) ⊂ ∪pWp.
Since supp(ω) is compact, then we can choose finite many Wp. On each Wp, we have that∫
Wp
|1
2
Lψn +Hessδ(N,L)| dV → 0.
By a partition of unity, we have that∫
Σ˚
|1
2
Lψn +Hessδ(N,L)||ω| dV → 0
which means
−
∫
Σ˚
ψn · Lω dV →
∫
Σ˚
−2Hessδ(N,L)ω dV.
On the other hand,
−
∫
Σ˚
ψn · Lω dV →< Lψ,ω > .
As a result,
Lψ = −2Hessδ(N,L)
in Σ˚ in the distributional sense.
Finally the last statement follows from Lemma 2.3
Remark 2.12. In general ψn might not define a distribution. For example, suppose that Lφ =
Hessδ(N,L). We let ψn = −2φ+ n and observe that
n
∣∣∣∣12Lψn + g(∇N∇δ, L)
∣∣∣∣
2
+
1
4
Hessψn(L,L) +
1
2
g(∇L∇N∇δ, L) = 0.
Those ψn satisfy the condition of the Diederich–Fornæss index is 1 but they diverge to∞ everywhere.
Thus, we need to assume that {ψn}∞n=1 defines a distribution in the preceding theorem.
Corollary 2.13. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let
Σ be the set of points with degenerate Levi-forms. Assume Σ is a Levi-foliation, i.e., a 2m + 1-
dimensional (real) submanifold with boundary in ∂Ω foliated by complex submanifolds with boundary
of complex dimension m in ∂Ω (with induced complex structure and metric). Assume the Levi-form
Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σp, where Σp is the leaf of p. Suppose the Diederich–
Fornæss index is 1. Let L be a (1, 0)-tangent complex vector field of Σ. Then for any compact subset
U ⊂ Σ˚, there exists a sequence of smooth functions ψn such that∫
U
∣∣∣∣12Lψn +Hessδ(N,L)
∣∣∣∣ dV → 0,
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as n → ∞. Here the dV is the leafwise volume form. Moreover, if {ψn}∞n=1 defines a distribution
ψ on Σ˚, then Lψ = −2Hessδ(N,L) in the distributional sense. Conversely, if there is a smooth
function ψ defined on a neighborhood of Σ, so that Lψ = −2Hessδ(N,L) in Σ, then the Diederich–
Fornæss index is 1.
3 The cohomology related to the index
Suppose Σ is a complex manifold with boundary or is a Levi-foliation. We define a 1-from on Σ.
Definition 3.1. Let Σ be a complex manifold with boundary of dimension m. Assume the Levi-
form Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σp, where Σp is the leaf of p. Let p ∈ Σ and Up
be a coordinate chart containing p. We define the 1-form θ as what follows:
θ :=
m∑
j=1
(
ReHessδ(N,
∂
∂zj
)
)
dxj +
(
ImHessδ(N,
∂
∂zj
)
)
dyj
=
m∑
j=1
Re
(
Hessδ(N,
∂
∂zj
)dz¯j
)
We observe that θ is independent of coordinates. Moreover, by Lemma 2.2 and 2.3, we know by
calculating the local representation of θ that dθ = 0. In other words, θ is a closed 1-form on Σ.
Once θ is exact, that means that there will be a real function (0-form) φ defined on Σ so that
∂
∂z¯j
φ = Hessδ(N,
∂
∂zj
) on Σ. This motivates us to reformulate or extend Theorem 2.4 and 2.7 with
the cohomology language. However, we need to require that φ is defined in a neighborhood of Σ to
fit in Theorem 1.2. For this, we modify the de Rham cohomology as what follows.
Let C∞(Σ,Λk) denote the k-forms which are smooth up to the boundary of Σ. We define,
C
∞(Σ,Λk) := {θ ∈ C∞(Σ,Λk) : θ can be extended to a neighborhood of Σ}.
We denote the two forms θ1 = θ2 if θ1 = θ2 on Σ, even if they have different extension beyond Σ.
It is clear that C∞(Σ,Λk) is a subspace of C∞(Σ,Λk). We say a k-form θ is closed if dθ = 0 on Σ.
We also define our modified de Rham cohomology.
Hk(Σ) := {θ ∈ C∞(Σ,Λk) : dθ = 0}/dC∞(Σ,Λk−1).
By the similar argument of Theorem 2.11, we obtain the following theorem.
Theorem 3.2. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Assume Σ is a complex manifold with boundary of
dimension m (with induced complex structure and metric) and the Levi-form Hessδ(L,L)|p∈Σ = 0 if
and only if Lp ∈ T (1,0)Σ. Let θ be defined above and [θ] = [0] in Hk(Σ). Then the Diederich–Fornæss
index of Ω is 1.
In the theory of foliations, the leafwise de Rham cohomology is a well-known tool used to study the
topology of leaves. The reader can read [7] for the detail. Roughly speaking, in the leafwise deRham
cohomology, the exterior derivative in (regular) de Rham cohomology is replaced by leafwise exterior
derivative. Moreover, the smooth k-forms are replaced by the k-forms along leaves A∞(Σ,Λk).
13
We modify the leaf de Rham cohomology as what follows. Let
A∞(Σ,Λk) := {θ ∈ A∞(Σ,Λk) : θ can be extended to a neighborhood of Σ}.
We can see that A∞(Σ,Λk) is a subspace of A∞(Σ,Λk).
We also define the relative de Rham cohomology
H
k(Σ) := {θ ∈ A∞(Σ,Λk) : dθ = 0}/dA∞(Σ,Λk−1).
Here d should be understood as the exterior derivative along leaves.
By Corollary 2.13, we obtain the following theorem.
Theorem 3.3. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Assume Σ is a Levi-foliation, i.e., an open (2m + 1-
dimensional) real submanifold (with boundary) of ∂Ω foliated by complex manifold (with bound-
ary) of complex dimension m (with induced complex structure and metric) and the Levi-form
Hessδ(L,L)|p∈Σ = 0 if and only if Lp ∈ T (1,0)Σp, where Σp is the leaf of p. Let θ be defined
above for all leaves and [θ] = [0] and [θ] = [0] in Hk(Σ). Then the Diederich–Fornæss index of Ω is
1.
4 Extension to smooth manifolds
In this section, we extend the theorems in Section 3. We only assume that Σ is a smooth manifold.
We denote Nδ−N δ by ν. It is not hard to see that J(∇δ) =
√
-1 ν, where J is the complex structure
in Cn. Since Σ will not be assumed to be a complex manifold with boundary, we in general do not
have coordinates {zj}mj=1. For the following, we assume xj for some j is one of local coordinates in
a chart Uα. We also define
∂
∂yj
so that
J(
∂
∂xj
) =
∂
∂yj
and J(
∂
∂yj
) = − ∂
∂xj
.
Consequently, ∂∂zj =
1
2 (
∂
∂xj
−√-1 ∂∂yj ) is defined. We remind the reader that ∂∂yj might not tangent
to Σ.
Lemma 4.1. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Assume Σ is a smooth submanifold with boundary of
dimension m in ∂Ω (with induced metric). Suppose that the Levi-form Hessδ(
∂
∂zj
, ∂∂zj )|p∈Σ = 0,
where xj is one of local coordinates in chart Uα of Σ. We denote Nδ with N . Then we have the
following identities:
Re
(
g(∇N∇δ, ∂
∂zj
)
)
=
1
4
g(∇νν, ∂
∂xj
) and Im
(
g(∇N∇δ, ∂
∂yj
)
)
=
1
4
g(∇νν, ∂
∂yj
).
Moreover, the following holds:
∂
∂zj
g(∇N∇δ, ∂
∂zj
) =
1
8
(
∂
∂xj
g(∇νν, ∂
∂xj
) +
∂
∂yj
g(∇νν, ∂
∂yj
)
)
=
1
8
(
g(∇ ∂
∂xj
∇νν, ∂
∂xj
) + g(∇ ∂
∂yj
∇νν, ∂
∂yj
)
)
.
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Proof. We know that
2Re
(
g(∇N∇δ, ∂
∂zj
)
)
=g(∇N∇δ, ∂
∂zj
) + g(∇N∇δ,
∂
∂z¯j
)
=g(∇N∇δ, ∂
∂zj
) + g(∇ ∂
∂zj
∇δ,N)
=g(∇N∇δ, ∂
∂zj
)− g(N,∇ ∂
∂z¯j
∇δ).
The last equality is because that ∂∂zj (N,N) = 0. Thus,
2Re
(
g(∇N∇δ, ∂
∂zj
)
)
=g(∇N∇δ, ∂
∂zj
)− g(∇N∇δ, ∂
∂z¯j
)
=g(∇N∇δ,−
√
-1
∂
∂yj
)
=g(∇NJ(∇δ),−
√
-1 J
∂
∂yj
)
=g(∇Nν, ∂
∂xj
).
Since g(∇Nν, ∂∂xj ) is real,
g(∇Nν, ∂
∂xj
) = g(∇Nν,
∂
∂xj
) = −g(∇Nν,
∂
∂xj
).
Hence, we obtain that
g(∇Nν, ∂
∂xj
) =
1
2
(
g(∇Nν, ∂
∂xj
)− g(∇Nν,
∂
∂xj
)
)
=
1
2
g(∇νν, ∂
∂xj
).
This proves that
Re
(
g(∇N∇δ, ∂
∂zj
)
)
=
1
4
g(∇νν, ∂
∂xj
).
Similarly, one can show that
Im
(
g(∇N∇δ, ∂
∂yj
)
)
=
1
4
g(∇νν, ∂
∂yj
).
The last identities follows from a direct computation, Lemma 2.1 and Lemma 2.2.
The preceding lemma allows a discussion on real tangent directions. In particular, if ∂∂yj is transver-
sal to the set of degenerate Levi-forms Σ, one can easily construct ψ along the direction of ∂∂yj , so
that
g(∇νν, ∂
∂yj
) =
∂
∂yj
ψ and
∂
∂yj
g(∇νν, ∂
∂yj
) =
∂
∂yj
(
∂
∂yj
ψ).
This happens even if ∂∂xj is tangent to Σ. Thus, a real tangent vector transversal to Σ is not an
obstruction. By the discussion above, we obtain following theorems.
As in Section 3, we say H1(Σ) is trivial if any closed form in Σ which can be extended to a
neighborhood of Σ is exact.
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Theorem 4.2. Let Ω be a bounded pseudoconvex domain with smooth boundary in Cn. Let Σ be
the set of points with degenerate Levi-forms. Assume Σ is a smooth manifold with boundary of
dimension m (with induced metric) and the Levi-form Hessδ(Zp, Zp)|p∈Σ = 0 if Xp ∈ TpΣ, where
Zp =
1
2(Xp −
√
-1 J(Xp)). Let the first de Rham cohomology H1(Σ) be trivial. Then the Diederich–
Fornæss index of Ω is 1.
In C2, if the set Σ of Levi-flat points forms a real curve which is transversal to T (1,0)∂Ω, then the
Diederich–Fornæss index is 1. This result was proved by Krantz–Liu–Peloso in [20]. We now show
that even if the real curve is not transversal to T (1,0)∂Ω, the index is also 1. Here, we call a simple
curve (1-manifold) a real curve if it can be parametrized by a smooth map γ : t 7→ ∂Ω, where
t ∈ [0, 1].
Theorem 4.3. Let Ω be a bounded pseudoconvex domain with smooth boundary in C2. Let Σ be
the set of Levi-flat points. Suppose Σ forms a real curve. Then the Diederich–Fornæss index is 1.
Proof. We just need to show that the case that ∂∂t is parallel to T
(1,0)∂Ω. By the tubular neighbor-
hood theorem, there is a tubular neighborhood of Σ in ∂Ω. We are going to find ψ defined on this
tubular neighborhood. By Theorem 1.2, we notice that if we can show the following inequality
(
1
1− η − 1
) ∣∣∣∣ ∂∂tψ +
√
-1(J
∂
∂t
)ψ + g(∇νν, ∂
∂t
) +
√
-1 g(∇νν, J ∂
∂t
)
∣∣∣∣
2
+
(
∂2
∂t2
ψ + (J
∂
∂t
)2ψ +
∂
∂t
g(∇νν, ∂
∂t
) + J
∂
∂t
g(∇νν, J ∂
∂t
)
)
≤ 0
(4.1)
along Σ for arbitrary η ∈ (0, 1), then we are done. For the proof, we always assume ψ ≡ 0 on Σ.
This gives the following identities,
∂
∂t
ψ = 0 and
∂2
∂t2
ψ = 0.
Since J ∂∂t is transversal to Σ, we also can assume ψ satisfies
J
∂
∂t
ψ = −g(∇νν, J ∂
∂t
)
along Σ. Thus (4.1) becomes
(
1
1− η − 1
) ∣∣∣∣g(∇νν, ∂∂t)
∣∣∣∣
2
+
(
(J
∂
∂t
)2ψ +
∂
∂t
g(∇νν, ∂
∂t
) + J
∂
∂t
g(∇νν, J ∂
∂t
)
)
≤ 0.
Then for each η ∈ (0, 1), we find a number Cη > 0 by smoothness so that(
1
1− η − 1
) ∣∣∣∣g(∇νν, ∂∂t)
∣∣∣∣
2
+
(
∂
∂t
g(∇νν, ∂
∂t
) + J
∂
∂t
g(∇νν, J ∂
∂t
)
)
≤ Cη.
Again, since J ∂∂t is transversal to Σ, we can choose ψ satisfying (J
∂
∂t)
2ψ < −2Cη. This gives that
(
1
1− η − 1
) ∣∣∣∣g(∇νν, ∂∂t)
∣∣∣∣
2
+
(
(J
∂
∂t
)2ψ +
∂
∂t
g(∇νν, ∂
∂t
) + J
∂
∂t
g(∇νν, J ∂
∂t
)
)
≤ −Cη ≤ 0.
This completes the proof.
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